



































































































































1.11.57 Measure theory Motivation

The Banach Tarski Paradox
canbemade into

rigidtransformations rearrange 2 balls

Oil ti 80 If 냠쌊喆 pies ion two t
t

intopieces ㅇㅇ it very
finitelyMany G

세다한세 15 사사쌔
7 다대ftcc20 nonintuitive

Assumption ZFC axioms Zermelo Franco set theory
with the axiom of choice

Rely i Reset axiom of choice

or ii Embrace the concept of non measurable sets

These individual sets cannot be assigned a measure in any meaningful wa

literal Measure Theory Sigma algebras

E Canbe
countable ouuncountable ay arbitrary set

DI Given a set SL ex r go I 2안9 Go 위로30.133

a 8 algebra on SL ft Powerset collection of all the subsets

is a collection Act
such that A is non empty

a EA 90,13EA
and A is closed under Complements 仍 比 so EA

z et IEA

and A is closed under Countable unions

El Fai Et Ei EA

G this alsocovers finite i
et 3 Ei Ec EE i EUE2






































































































































R쁘 i RE A since E EA and EE A E UE E REA

ii 0 A since r EA IE0 EA

iii A is closed under countable intersections

pf Suppose El Ee i EA

錄 二 班溢崎 fi i EA

Measure theory Measures

1쯔 Given C Cst the a algebra generated C written Oa

is the smallest a algebra containing C

That is 이 C 7 A
AS C no taught containingC

R왜쁘 GCC always exists because
i I t is a a algebra ofalwaysexists
ii Any intones of a algebras is a a algebra

SoCc is an intersection of a

algebraicExamples of a algebra
i A 90 r

ii A 9이 E E r
askbiii Defof Borel e algebra

pre
a b

t.fr R the Borel e algebra is

曲 二 이리 where 안 opensets of R

Anytopologicalspace is fine






































































































































맨 A measureµ on R with a algebra t

is a functionM A o 이

such that i µ 0 0

and ii Countable Addit int y fr
This alsocovers finite i
왜 비 4 E 0 ME 0

Mi Ei TMG
에臨 鴻 man

forany 타던 i EA of pairwisedisjointsets

쁘 A probability measure is a measure P

Such that PCR 1

All these conditions which is specified for Probabilitymeasure

is called Kolmogorov's Axioms

447 Measure Theory Examples of Probability Measures

i Uniform Distribution
Finite Set She 1.2 n A 2 R

shorthandnotation
P K3 PK ㅊ t KE R

NotethatWehaveto defineP for all sets of A but defining P on eacheveryelement
is sufficient for inducing in the wholespace
Claim There exists a unique probability measure

on all the sets of A that is consistent with the definition

에 P 위 2.43 p 위로US23vs43 PC7 t P 2St P14

elite air wise disjoint
Decomposed Uniquely

P A P 昨了 EP1위루 1 This is a probability measure














































































































ii Geometric Distribution
Countably infinite Set r 91.2.3 A 2 A

P K Probability it takes k coinflips to get heads

i a 1 2 씨 112K for fair coin

I probabilityof getingheads

Similarto i it can bedecomposed to bunglerelement sets in auniqueway
to sum up the probabilities to get theprobability of thewholeset

So P is uniquely defined probability measure on A

PG P 貽汀 홉PC위기 TaraT 一一 恙刈 1

ii Exponential Distribution
Uncountable Set RIO x A R IO 이

y is automatically
defined when 갸o

P Eo a 1 에 베 70 i
hit her becausep To 이 P 0 0

Sets of this form alsogenerates Borel a algebra
So in fact defining a probability measure on B I아기 alone

Uniquely induces a probability measure on theWhole edgebra
Note that PEN 0 대 노U

P r P To 이 얢 P Tom 냓낧 1 어 9

r thisis 凹 aprobability measure
Lebesgue measure on R

try lengthof interval
A R A B R mostnaturalway todefinethemeasure

µ Lab b a for any a b ER a b

of This is used for Lebesgueintegral idea da es dnt 대해
Riemann Lebesgue



C 5 67 Measure Theory i Basic Properties of Measures

퍀 Basic Properties of measures
Let r A µ be a measure space

i Monotonicty
If E F EA and ECF then µ E 스µ F

E

매 µ F µ EU En F ME tµ E 의 F 고ME
measure is nonnegative

ii Subadd it iv ty inequality
dueto overlapping

E3

If En En EA then NEE 壬鳥ME E000E50
Ez E4

Garbitrary es notnecessarily pairwisedisjoint
마 Thedisjoinitalian trick

Sets Fk defined by Fi E FE Et F3 E3 ENED
are disjoint belong to yEi and satisfy Ei I Fi

Using this truck µ i E µ Fi 톸MFi 壬鳥ME
Fi aredisjoint fiii Continuity frombelow eEOOir.trIfZi E2 Et and Ei CE C then µ EE flyME

iiiv Continuity from above

If 티토 Et and E Ep andi OteNotethat itholdsforten µ TE 솸gµ Ei everyprobability measure

왜 Lebesgue Let Ei E i 이 then µ 鼎 0 fight Eviolates ME no



Measure Theory More properties of Probability Measures

let Sh A P be a probability measure space with E Ft EA

i PCEUF P 턔 PCF if EMF 0

i P EUF P E t NF PET

iii PE 1 PE

iv 1기터 FC PE PC터 F

U Inclusion Exclusion Formula

미 븝 E 주미테 돎PC태 E 十志 EinEinEk

t 7
세
p Ein En n En

MeasureTheory CDFs and Borel Probability Measures

쁘 A BarelyMeasure on R is ate ere on R B1R
probability Probability

쁴 A CDF Cumulative DistributionFunctionnetflix.isa function F R t R

Such that i F is nondecreasing
기스y fan Efcy

ii F is right continuous 岩mf세컂냆F 쌰수에
iii tiny 쉐다 8
iv 卨 制 心 Trini毖澁Els include point ontheright



T쓰 i If F is a CDF

then there is a unique Borel probability measure
on R

Such that Plea is Fun 베 E R

ii If P is a Borel probability measure on R

then there is a unique CDF F

Such that Fa P re 기기 베 ER

That is there is an equivalence

between CDF and Borel probability measure


