



































































































































3ll.TT Random Variables Definition and CDF

Reme Intuitively one can think random variables as randomquantity

for example number of heads when flipping coin 5 times

Or a lifespan of a lightbulb until it dies

DI Given r A P a random variable is a function

Xi r R such that WER I X W스가 EA ltd EIR

Remy i X is a measurable function if it satisfies_

ii Usually we use uppercaseletters e.g X Y for randomvariables

And lower case letters e.g say for the corresponding values

iii Usually we abbreviate WER l사이드라 as HE is

It applies for otherpredicates
too

iv Usually we abbreviate P XE기구 as PC쓰기

1쯔 The CDF CumulativeDistributionFunction of a r.v randomvariable

is the function F R To is such that FH P 仁九

f i Monotonicty If 간y then Fun 스Fly

Suppose that 水 幻 Then X드기3 9X스니3

Therefore P X드기 F1기 I P XE y Fly

ii Limiting valves 求品 쉐 0

Since Fun is monotonic and bounded belowby zero it converges as me

So the limit exists foreverysequence 웼 converging to.no

let shin 왮E 뺘 fyfaifyf.in 왫미쓰만t10 0
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1쁘 i X드기 f X ㅩ 삶 X스긱 by continuity fromabou

ii ㅻ well 시이드
because if we assumethereis some 기ER such that 기 Ere

it violates the definition of a Therefore 仁一no 0

iii Limiting Valves figF1기 1

once Full is monotonic and bounded above by t it converges as 기 no

So the limit exists for every sequence 웨n Converging to N

Let din 얅냉쉐 썷슀 솷쉐 1첞미스n P r 1

iv Right continuity fifa.FM Fan

Consider a decreasing sequence 위에 that converges to a

The sequence of events X스가 is decreasing

so Kiis 1냃9X스가 은 9X스기3 byContinuity from above

녎FN 녒미乂玔 삻DMX ㅴ P Ka ta

This applies forevery such sequence in QED

D의 The distribution of a rut also called theprobability law of X

is a probability measure on R 伋伋

such that PTA P X EA KA E R

1쁘 Original measure P is a treasure on r A

The distribution of x PX is a measure on R 伋伋

in many instances P remains hidden or unused

and one works directly with the move tangible
probability space R 7EUR PX 왜statisticalpropertiesof x






































































































































마 il PNA p XE A YA E BCR is a fountain PX 1B R to y

ii Mol P XE 0 P10 0

ii Mr P X ER P r 1

it For countable additivety A 9Bi be a countabledisjointsubsets ofBCR
Sets X EBi is also disjoint as XEBi well Nw EBi

So f XEYm3 f XE B 3
a o n

M i Bi P XE Y Bi 도 PHEBi I 阡別
it I 勿

DI A function F Rt To I is a distribution function
if it satisfies three properties of a CDF

namely monoticing limiting values and right continuity

판 let F be a distribution function
and consider a probability space 대 B1대13 P
such th P is the lebesgue measure

There exists a measurable function Xi r R

whose CDF Fx satisfies FFF

t Distribution of rv X PX is the probability measure induced by CDF F

가 Outline P to it FN P X스기 P XE tail P시다에
to

Equivalence btween CDF
andBorelprobability measure






























































E27 Types of Random Variables

만 A random variable X is discrete

9Nw I WER is countable i.e Nw I WERE 9기 김 3

만 A random variable X has a density for Lebesgueintegral
But if Riemannintegralexists

if the CDF of X FN fifa 해 베 ER
Lebesgueintegral alwaysexists

So it's safe to think that
for some integrable fi R t to 이 it is a Riemann integral

for most common cases

Not떋 Am a measure theory perspective Decompositions of Q

Let 야 미 丁二 기ER l Q1기 70

Qd A A ANT 인 A QA Q An J

Q Qd t Qc Eh Continuouspart of the measure lyrics a손Discretepartof the measure 고
Qd

Qacka.it finder
QEQa t Qc by RyderNkodym thin

손 손 SingularContinuous part of the measure
AbsolutelyContinuous of the measure

竺 X is discrete Q Qd

X hasdensity Q Qac

Remi Q c X has a density Because of Qa

知竺 If one take Cantor function as a CDF

here is he Qd Qa part only Qsc



Discrete Random Variables
p
시에we
is Countable

DI The probability mass function AMF of a discrete
rv X

is the function p Rt I OD such that pa P X n

Rent PHEA 돏mph where S Nw I WER

P1XEA PX H 마 AN tMATO I P냐기 I
H 기EAns 기EAS

Ry.MX ER 듩 PH 1

Notation For a discrete rv X Ap meansX is distributed accordingto pmfp

with anunderlying probability measure space de A P

Also XF means X has a cdf F

Also X n Q means X has a distribution a

liar amirs타a쁘 i X Bernoulli d LE To I no One Coin

flip1 2 p o 1 2

ii to Binomial na MEN d Eto D no n coin flip

p k 묘 2141 2 where k 90.1 n

iii 乂一 Geometric ㅂ LE 0 1 G.in flip until heads

p k 1 21씨2 where k 90.1

iv X PoissonLA A ER A20 Numberof customers arriving
if rate isconstant.pket E Where k 90.1 i.e Apersons per hour



3.4Lth7 Random Variables with Densities

No쁘 We call f the probability density function PDF of a ri X
We write it as Nf
Usually P Probability measures pipmfs.fi pdfs
Butit can change over context so be aware always

Indicator function of A IAN l if TEA
O otherwise

Etat i X Uniform a is Okb ab ER

fifaYb a.IE a 미
0 otherwise ii era

ii Exponential네 170 NER
p Memoryless property

ft Samedistribution whetheror n

fa 자매 기그0
the lightbulb hasbeenalready use

O her wise fry
iii X Betacam dip so t.PE
R.fGy기서 1 기 에 ft N Oftenused tomodeltheatre distribution of a r V
B d p

기E ED
fetid which itself is a probability

o otherwise hi which itself is a

probabilitiesNoNormal M8 MEER 0270 so Gaussian Distribution

fat Flee
마M4262 기ER 茫


